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where P (T) represents the projectile ͑target͒, e Ϫ the electron, Z P (Z T ) the projectile ͑target͒ nuclear charge, K i (K f ) the initial ͑final͒ projectile momentum in the laboratory frame where the target is initially at rest, k T is the final electron momentum and i is the initial bound state. The simple first Born approximation (B1) for this process was developed in the early work of Bethe ͓1͔ and it was computed for the first time by Bates and Griffing ͓2͔. This approximation only considers the continuum state of the electron in the field of the residual target ion; in the modern terminology introduced by Maulbetsh and Briggs ͓3͔ this theory could be considered as a C1 model ͑i.e., one Coulomb wave in the final state͒. The experiment of Crooks and Rudd ͓4͔, which disclosed the electron capture to the continuum ͑ECC͒ peak, demonstrated clearly the importance of the equal status of both the target and the projectile interactions with the outgoing electron. Early theories on the subject proposed by Salin ͓5͔ and Macek ͓6͔ accounted for the two-center effects, explaining the presence of the ECC cusp. Following these pioneering works some other theories have been developed and they have proven to be moderately successful in dealing with this problem, for example, the continuum distorted-wave ͑CDW͒ ͓7,8͔, the multiple scattering ͑MS0, and MS1͒ ͓9͔, the eikonal initial state ͑EIS͒ ͓10͔, and the impulse ͑IA͒ ͓11͔ approximations. All these theories share the same final state, i.e., the product of two Coulomb waves, commonly known as C2 models. The differences arise in the description of the en-trance channel, for example, the MS0, CDW, EIS, and IA use Born (B), CDW, eikonal (E), and exact impulse ͑I͒ initial states, respectively ͓12͔. On the other hand, correction to the C2 model have been introduced using effective momenta ͓13͔ and charges ͓14͔ depending parametrically on the coordinates in the final-state three-body wave function, but a full test of the validity of these approaches for ion-atom collisions is not yet available.
In a previous work ͓15͔ we showed that a new wave function can be obtained as an approximated solution of the Schrödinger equation for three charged particles, when two of them have larger masses than the third one, as in the case of an ion-atom system. We assumed some approximations such that the wave equation could be separated as a system of coupled partial differential equations. The solution was written in terms of the ⌽ 2 generalized hypergeometric function of two variables, which includes the correct Coulomb asymptotic conditions and introduces functional correlation between the motion of the electron relative to both the projectile and the target. For the case where we have two lighter masses than the third one, as is the case of two electrons in a Coulomb center, the ⌽ 2 theory has been extended ͓16͔ and results in a generalization of the C3 model ͓17͔.
We consider a system composed of an incoming ion of mass M P colliding with a hydrogenlike atom composed of one electron and a nucleus target of mass M T . In the centerof-mass system, the problem can be described by any one of the pairs of Jacobi coordinates (r T ,R T ), (r P ,R P ), or (r,R). The electronic positions r T (r P ) and momentum k T (k P ) refer to the target ͑projectile͒ nucleus and the internuclear separation is referred to as r TP . The coordinates R T ,R P ,R refer each particle to the center of mass of the other two.
The undistorted Born initial state reads simply wave. In this work, we will just consider the ground state i (r T )ϭ(z T 3 /) 1/2 exp(Ϫz T r T ) of an atomic hydrogen target. The distorted final state is chosen to be ͓15͔
where ⌽ 2 is the degenerate hypergeometric of two variables ͓18͔, a j ϭZ j /k j , j ϭk j •r j ϩr j , with jϭT or P and N TP is the normalization of the continuum function
The corresponding Born-
In this work we will neglect, as usual, the internuclear interaction in both the initial and final channels. Using the integral representation of ⌽ 2 , and after a large dose of mathematical manipulation, that we will not reproduce here, we find
where F 3 is a hypergeometric function of two variables studied by Appell ͓19͔ and
with ⑀→0 ϩ , PϭK i ϪK T is the momentum transfer and qϭ k T ϪP. In Eq. ͑4͒, T B-PW is the first-order pure plane-wave amplitude ͓1͔. The Born initial state does not have the correct asymptotic behavior, therefore, instead of Eq. ͑1͒, we should consider the well-known CDW initial wave function given by
After long calculus, not shown here, we find the following expression:
ϪU T , ϪU P ,ϪU i ) and F 7 a very rare hypergeometric function of three variables defined as ͓20͔ F 7 ͑ ␣,␣Ј,␣Љ;␤,␤Ј;␥;x,y,z͒
To the best of our knowledge, analytical continuations and properties of this function are not available in the present mathematical literature and will not be considered here. As a consequence, the CDW-⌽ 2 is very difficult to treat numerically and a complete study of such an approximation is being carried out.
In this work we perform the calculation of the double differential cross sections ͑DDCS͒ for the process H ϩ ϩH→H ϩ ϩH ϩ ϩe Ϫ in the B-⌽ 2 approximation starting from Eq. ͑4͒. The computation of the F 3 functions has required skillful strategies of analytical continuation to optimize its efficiency. We obtain the F 3 with at least 4 significant figures. It let us achieve the transition matrix elements with a relative error ⑀ r ϭ10 Ϫ4 . The double integral for the double-differential cross section has been calculated with ⑀ r р1%.
In order to show the benefits introduced by the ⌽ 2 final state, we contrast our result for the B-⌽ 2 approximation with other available undistorted initial-state theories. These approaches can be well represented by the first Born approximation (B1) and the multiple scattering approximation without proton-proton distortion (B-C2) ͓9,21͔. In this way we can study the influence of the final state on the cross section, in accordance with the degree of complexity of its description. The B1 approximation involves a C1 final state, the B-C2 includes a C2 final state, while the B-⌽ 2 includes a correlated function beyond the C2 model. For completeness we also display the CDW-EIS values, even when this approach introduces distortion in the initial channel and should be compared with the above described CDW-⌽ 2 amplitude.
In the first place we present the forward-backward DDCS for 100 keV ͑see Fig. 1͒ and 1 MeV protons ͑see Fig. 2͒ ionizing atomic hydrogen. We can recognize the presence of two sharp peaks that correspond to the two Coulomb interactions included in the final state, namely, the soft electron peak, as k T →0 and the ECC peak as k P →0 . The soft peak is present in the three theories while the ECC one is absent in B1 since this theory does not include the continuum of the projectile.
Two points should be noted. First, while in B-C2 ͑or any other current theory͒ the ECC cusp is determined by the projectile Coulomb factor ͉N P ͉ 2 , in B-⌽ 2 it is shaped by the ''new'' normalization factor ͉N TP ͉ 2 . Both normalization factors agree with each other since ͉N TP ͉ 2 →͉N P ͉ 2 as k P →0. In a similar fashion, while in B-C2 and B1 the soft cusp is determined by the target Coulomb factor ͉N T ͉ 2 , in B-⌽ 2 it is shaped by the same normalization factor ͉N TP ͉ 2 . Again, we note that ͉N TP ͉ 2 →͉N T ͉ 2 as now k T →0. Therefore ͉N TP ͉ 2 acts as unified normalization, which includes both limits. Second, and perhaps the most striking result, is that both the soft as well as the ECC peak is found to be asymmetric in the B-⌽ 2 approximation. The B-C2 and B1 approximations give symmetric peaks; the asymmetry was theoretically disclosed only using a distorted initial state, as is the case of the CDW, EIS, or IA approximations ͑in the case of the MS1 this comes out as a consequence of the C3 final state͒. However, it is well known that these theories underestimated experimental values. The B-⌽ 2 result clearly observes the asymmetry of the soft cusp qualitatively correct, i.e., enhanced in the projectile direction as shown by experimental results ͓22,23͔, but it is somewhat overestimated. The asymmetry of the ECC cusp is again consistent with measurements, i.e., enhanced towards the target center. These characteristics are footprints of the ⌽ 2 final state.
As shown in our previous work, this wave function enlarges the electronic density near the condensation point and shows maxima with elliptical symmetry around the two ion centers. This description corresponds to the intuitive idea of a covalent bonding limit and can be interpreted as a manifestation of the potential saddle. A translation of this description from the configuration space to the velocity space can be traced in the present cross sections between the soft and ECC peaks. There we observe an enhacement with respect to the CDW-EIS calculations, as expected from a comparison with experiments ͓24͔.
Another well-known structure exhibited in the DDCS is the enhancement for k T ϭ2v i cos e , called binary sphere. In the forward direction the electron velocity is equal to twice the value of the incident ion. In this region the approximations B1 and B-⌽ 2 fall down together; see Figs. 1 and 2, as is expected. Now we turn our attention to the maximum position shift ⌬ defined as ⌬ϭ 1 2 (2v i ) 2 Ϫ 1 2 (k T max ) 2 where k T max is the electronic momentum where the binary peak is maximal. We observed that the B-⌽ 2 predicts a larger shift than the other undistorted theories, in agreement with the experimental data ͓25͔.
In Fig. 2 all these features are less prominent owing to the large proton incident velocity. However, it shows a general agreement with the B1 approximation as expected.
In Fig. 3 we plot the calculation of DDCS with Born theories for different electron ejection angles where we also show the experimental data of Kerby et al. ͓26͔ . The B-⌽ 2 approximation gives better agreement for small angles and become similar to B1 and B-C2 for angles as large as 90°. These facts also indicate that the correlation introduced by the final state mainly enhances the forward distribution of electrons without introducing spurious effects for large angles.
Up to now the description of three Coulombian particles has been linked with the hypergeometric function formulated for two-body interactions. A method based on many variable hypergeometric functions opens a new mathematical way for its description, incorporating approximately the nondiagonal part of the kinetic operator in parabolic coordinates. In this article we have used the ⌽ 2 approximation to calculate ionatom ionization. The transition matrix element was obtained analytically in terms of the hypergeometric function of several variables F 3 or F 7 depending on whether we use undis-torted or continuum-distorted-wave initial wave functions. A code to obtain F 3 was developed and results were presented. The conclusion is that the theory so obtained, here called B-⌽ 2 , contains physical information not presented in most of the one-channel distorted approximations, namely, the asymmetries of the ECC and soft cusps, the enlargement of the saddle electrons production, a good description in the forward direction for large electron energies, and the correct shift of the binary peak. These facts reveal the great capacity of the ⌽ 2 wave function to describe the three-body final state. The next step is the calculation of the F 7 hypergeometric function, which will let us use a distorted initial state, and we expect, may improve quantitative agreement with experiments.
